We will prove that R(C 4 , C 4 , K 4 − e) = 16. This fills one of the gaps in the tables presented in a 1996 paper by Arste et al. Moreover by using computer methods we improve lower and upper bounds for some other multicolor Ramsey numbers involving quadrilateral C 4 . We consider 3 and 4-color numbers, our results improve known bounds.
Introduction
In this paper all graphs considered are undirected, finite and contain neither loops nor multiple edges. Let G be such a graph. The vertex set of G is denoted by V (G), the edge set of G by E(G), and the number of edges in G by e(G). C m denotes the cycle of length m, P m the path on m vertices and K m − e -the complete graph on m vertices without one edge. For given graphs G 1 , G 2 , ..., G k , k ≥ 2, the multicolor Ramsey number R(G 1 , G 2 , ..., G k ) is the smallest integer n such that if we arbitrarily color the edges of the complete graph of order n with k colors, then it always contains a monochromatic copy of G i colored with i, for some 1 ≤ i ≤ k. A coloring of the edges of n-vertex complete graph with m colors is called a (G 1 , G 2 , ..., G m ; n)-coloring, if it does not contain a subgraph isomorphic to G i colored with i, for each i.
The Turán number T (n, G) is the maximum number of edges in any n-vertex graph which does not contain a subgraph isomorphic to G. A graph on n vertices is said to be extremal with respect to G if it does not contain a subgraph isomorphic to G and has exactly T (n, G) edges.
G 1 ∪ G 2 denotes the graph which consists of two disconnected subgraphs G 1 and G 2 . kG stands for the graph consisting of k disconnected subgraphs G.
We will use the following Theorem 1 (Woodall, [4] ) Let G be a graph on n (n ≥ 3) vertices with more than
edges. Then G contains a cycle of length k for each k (3 ≤ k ≤ ⌊ 
Proof. First we show a lower bound R(C 4 , P 4 , K 4 − e) > 10 by describing a suitable (C 4 , P 4 , K 4 − e; 10)-coloring. Let us take a graph 2K 3 ∪ K 1,3 . This graph does not contain a P 4 , so consider the edges of this graph to be of color 2 in coloring of K 10 . We colored the complement of 2K 3 ∪ K 1,3 using colors 1 and 3 as shown in Figure 1 , so that there is no C 4 in color 1 and no K 4 − e in color 3. Now, we give a proof for the upper bound. This proof can be deduced from Turán numbers for C 4 , P 4 and the Woodall's Theorem given above.
Suppose that for graph G = K 11 there is a (C 4 , P 4 , K 4 − e; 11)-coloring and let us consider such coloring. Since R(C 4 , P 4 , P 3 ) = 7 [1] then for each v ∈ V (G), the number of edges of color 3 incident to v is at most 6, and their total number is at most 6 · 11/2 = 33. Since R(C 4 , P 4 , K 3 ) = 9 [1] then there is a triangle xyz with color 3. To avoid a K 4 − e in color 3 there are at most 8 edges in color 3 between a triangle and the remaining vertices of G, so total number of edges in color 3 is at most 33 − 4 = 29. One can count that V (G) − {x, y, z} induces in G subgraph in color 3 on 8 vertices and at least 22 edges, and by Woodall's Theorem we have a next triangle in color 3. In fact, we obtain that the total number of edges in color 3 is at most 25. Since T (11, C 4 ) = 18 [2] and T (11, P 4 ) = 10 [3] , the number of colored edges in G is at most 18 + 10 + 25 = 53, which is less than e(G) = 55, a contradiction. Two graphs of order 15 containing no C 4 with the maximum of 30 edges were found in [2] . Let us consider the second extremal graph from [2] which consists of 3 disjoint graphs K 2,2 ∪ K 1 denoted by H 1 , H 2 , H 3 and 4 disjoint triangles such that each triangle consists of vertices which belong to each graphs among H 1 , H 2 and H 3 . Let us consider all 30 edges to be of color 1 in (C 4 , C 4 , K 4 − e; 15)-coloring.
Finally, consider again the edges of the second extremal graph for T (15, C 4 ) from [2] to be of color 2. The resulting (C 4 , C 4 , K 4 − e; 15)-coloring, proving that R(C 4 , C 4 , K 4 − e) > 15, is shown in Figure 2 . 0 3 3 3 3 3 3 2 2 2 2 1 1 1 for each v ∈ V (G), the number of edges of color 3 incident to v is at most 7, and their total number is at most 7 · 16/2 = 56. To avoid a K 4 − e in color 3 there are at most 13 edges in color 3 between a first triangle and the 13 remaining vertices of G and there are only 10 edges in this color between a second triangle and the 10 last vertices of G. In fact, the total number of edges in color 3 in G is at most 56 − 4 = 52. Since T (16, C 4 ) = 33 [2] , the number of colored edges in G is at most 33 + 33 + 52 = 118, which is less than e(G) = 120, a contradiction.
First, we present the following
Proof. The (C 4 , K 4 −e, K 4 −e; 18)-coloring, proving lower bound R(C 4 , K 4 −e, K 4 −e) > 18 is shown in Figure 3 . 032233133123122221  303212211312332233  230313222232313112  223031222313231132  311303222132332122  323130322111222333  122223013321323123  312222101321323233  312222310233331231  132311332033222321  213131223302212333  322321113320223213  133232333222011322  231332223212103312  223122331223130332  221113122332333022  231323233231213201  132223331133222210 Figure 3: Matrix of (C 4 , K 4 − e, K 4 − e; 18)-coloring.
Suppose that the complete graph G = K 22 is 3-colored, so we have (C 4 , K 4 − e, K 4 − e; 22)-coloring. Since R(C 4 , K 4 − e, P 3 ) = 9 [1] then for each v ∈ V (G), the number of edges of color 2 and 3 incident to v is at most 8 in each color, and their total number is at most 8 · 22 = 176. Since T (22, C 4 ) = 52 [8] , the number of colored edges in G is at most 176 + 52 = 228, which is less than e(G) = 231, a contradiction.
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